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Preface

This brief monograph is the first one to deal exclusively with very general tight
integral inequalities of Chebyshev—Griiss, Ostrowski types, and of the comparison
of integral means. These rely on the well-known Sobolev integral representations
of functions. The inequalities engage ordinary and weak partial derivatives of the
involved functions. Applications of these developments are illustrated. On the way
to prove the main results we derive important estimates for the averaged Taylor
polynomials and remainders of Sobolev integral representations. The exposed
results expand to all possible directions. We examine both the univariate and
multivariate cases.

For the convenience of the reader, each chapter of this book is written in a self-
contained style.

This treatise relies on the author’s last year of related research work.

Advanced courses and seminars can be taught out of this brief book. All
necessary background and motivations are given in each chapter. A related list of
references is also given at the end of each chapter. These results first appeared
in my articles that are mentioned in the references. The results are expected to
find applications in many subareas of mathematical analysis, inequalities, partial
differential equations, information theory, etc. As such this monograph is suitable
for researchers, graduate students, seminars of the above subjects, and also for all
science libraries.

The preparation of this booklet took place during 2010-2011 in Memphis, TN,
USA.

I thank my family for their dedication and love to me, which was the strongest
support during the writing of this book.

Department of Mathematical Sciences George A. Anastassiou

The University of Memphis, TN, USA
March 5, 2011
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Chapter 1
Univariate Integral Inequalities Based
on Sobolev Representations

Here we present very general univariate tight integral inequalities of Cheby-shev—
Griiss, Ostrowski types for comparison of integral means and information theory.
These are based on the well-known Sobolev integral representations of a function.
The inequalities engage ordinary and weak derivatives of the involved functions.
Applications are given. On the way to prove the main results we derive important
estimates for the averaged Taylor polynomials and remainders of Sobolev integral
representations. The results are explained thoroughly. This chapter relies on [4].

1.1 Introduction

This chapter is greatly motivated by the following theorems:

Theorem 1.1 (Chebychev, 1882, [7]). Let f, g: [a, b] — R absolutely continuous
Sfunctions. If ', g € Lo ([a, b)), then

b b b
— f(x)g(x)dx—(b_—la)z(f f(x)dx) (/ g(x)dx)

1 U !
<5 0= | lg (1.1)

Theorem 1.2 (G. Griiss, 1935, [11]). Let f, g integrable functions from [a, b] —
R, such that m < f(x) < M, p < g(x) < o, for all x € [a,b], where
m,M,p,0 € R. Then

b b b
oo F @@ (/ f(x)dx) (f g(x)dx)

S%(M—m)(a—p). (1.2)

In 1938, A. Ostrowski [14] proved.
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2 1 Univariate Integral Inequalities Based on Sobolev Representations

Theorem 1.3. Let [ : [a,b] — R be continuous on [a, b] and differentiable on
(a,b) whose derivative f’ : (a,b) — R is bounded on (a,b), i.e., | f'loe =

sup | f'(¢)| < +o00. Then
t€(a,b)

b
[ rwa- s

5[% ((b_%))] b-a)|f].. (3

for any x € [a, b]. The constant % is the best possible.

See also [1-3] for related works that inspired as well this chapter.

In this chapter using the univariate Sobolev-type representation formulae, see
Theorems 1.10, 1.14 and also Corollaries 1.11, 1.12, we first estimate their
remainders and then the involved averaged Taylor polynomials.

Based on these estimates we derive lots of very tight inequalities on R: of
Chebyshev—Griiss type, Ostrowski type, for comparison of integral means and
Csiszar’s f-divergence with applications. The results involve ordinary and weak
derivatives and they go to all possible directions using various norms. All of our
tools come from the excellent monograph by V. Burenkov, [6].

1.2 Background

Here we follow [6].

For a measurable nonempty set £2 C R”, n € N we shall denote by LlpOc (£2)
(1 < p < o0) — the set of functions defined on §2 such that for each compact
Kc, felL,(K).

Definition 1.4. Let £2 C R" be an open set, @ € Z", & # 0 and f, g € L' (£2).
The function g is a weak derivative of the function f of order o on £2 (briefly
=Dy )itV o e C(R2) (ie., ¢ € C*(§2) compactly supported in £2)

) /fD“(dez(—l)'“'/g(pdx. (1.4)
2 2

Definition 1.5. Wlf (£2) I € N, 1 < p < o00) — Sobolev space, which is the
Banach space of functions f € L, (£2) such that V « € Z" where |a| < [ the
weak derivatives D¢ f exist on §2 and DS f e L, (£2), with the norm

1/ lwgr = D 1067110 (15)

la| <t

Definition 1.6. For/ € N, we define the Sobolev-type local space (Wll)(loc) (2) :=
{f:92—>R: feLl (£2)andall f-distributional partials of orders < / belong
to L} (£2)} = {f € LY (£2) : for each open set G compactly embedded into £2,

loc

[ ew! (G}
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We use Definitions 1.4-1.6 on R. Next we mention Sobolev’s integral represen-
tation from [6].

Definition 1.7 ([6], p. 82). Let —oo < a < b < o0,

b
w € Li(a,b), /w(x)dx:l. (1.6)
Define
[To@du, a<y<x<b,
=7 1.7
Ax,y) {—fyba)(u)du, a<x<y<bh. (4.7

Proposition 1.8 ([6], p. 82). Let f be absolutely continuous on [a, b]. Then V x€
(a.b)

b b
£ =/ £ o ()dy +/ AGy) £ () dy. (1.8)

a
the simplest case of Sobolev’s integral representation.

Remark 1.9 ([6], pp. 82-83). We have that A is bounded:
Vx’y E[a,b], |A(X,y)| = ”w”Ll(a,b)’ (1.9)
and if ® > 0, then

Vx,y€la,b], |A(x,y)| < ADb,b)=1.

a+b
2 9

a+b
A
()

1
(L)(X):m, VXE(a,b),

If w is symmetric with respect to

then V y € [a, b] we have

1
<.
2

Examples of w:

also
1
wX) = (Xuars) + 229

where x(, ) denotes the characteristic function of («, B), meN and m>
20b—a)”".

If f e (W )10C (a,b), then f is equivalent to a function, which is locally abso-
lutely continuous on (a, b) (its ordinary derivative, which exists almost everywhere
on (a,b), is a weak derivative f,, of f). Thus (1.8) holds for almost every x € (a, b)
if f'is replaced by f;/.
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In this chapter sums of the form 22:1 -=0.
‘We mention

Theorem 1.10 ([6],p.83).Letl e N, —co <a <a < ff <b < o0 and

{ w € L (R), (support) sup pw C [a, ], (1.10)

g (x)dx = 1.

Moreover; assume that the derivative fY=V exists and is locally absolutely contin-
uous on (a,b). Then V x € (a,b)

-1 1 b
fo=Y [ P ea-nena
k=0"" "4

1 ’ -1 I
m/ =" Ay P dy. @D

and

-1 B
fx) = Z%/ 90 = o) dy

1),/ R W YER WALt N IR

where a, = x, by = B for x € (a,a]; ax = o, by = B forx € (a,B); ax = «,

= x for x € [B,D).
If. in particular, —00 < a < b < oo, fU=V exists and is absolutely continuous
onla,b), then (1.11), (1.12) hold N x € [a, b] and for any interval («, B) C (a,b).

Corollary 1.11 ([6], p. 85). Assume that | > 1, condition (1.10) is replaced by

%w e CI-2(R), suppw C [, B]. (1.13)

Jro(x)dx =1,

and the derivative ®'=? is absolutely continuous on [a, b] .
Then for the same f as in Theorem 1.10, ¥ x € (a, b)

l

o= /f (i (—

k . *)
(=0 om] ) £ (ay

T / T e A £ )y (L1
= ’ ‘ |
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In particular, here
w@=.=0""?@=0F) =..=0"?B)=0. (1.15)

Corollary 1.12 ([6], p. 86). Assume that [,m € N, m < [. Then for the same f
and w as in Corollary 1.11, ¥ x € (a,b)

g [l—m=1  \k+m m
e = | (Z S le-wfem]” ))f(y)dy

k!
k=0

1 by
MY (=" Ay SO () dy. (1L16)

Remark 1.13 ([6], p. 86). The first summand in (1.14) can take the form:

(S os = 0 ) £ 0y,
_ (=) s (s +k) (1.17)

where o 1= —; ey K

Similarly, we have for the first summand of (1.16) the following form:

I (Zi‘:m Tsm (x =) " 0®) (y)) S (y)dy,
(1) ~l—s—1 (s+k) (1.18)

where 0, 1= G=m)! 2ok=s k

We need

Theorem 1.14 ([6], p. 91). Letl € N, —co <a <a < B < b < o0, w satisfy
condition
a)GLl(R),suppr[a,,B],/ o((x)dx =1 (1.19)
R

and f € (Wll)loc (a,b) . Then for almost every x € (a,b)
-1 1 B
fo=3 5 / £ ) =) o (y)dy
k=0 Y

1 by B
= 1)!/ (=" Ay £ () dy. (1.20)

where ay, by as in Theorem 1.10.
We denote fw(o) = f.
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Remark 1.15 ([6], p. 92). By Theorem 1.14 it follows that if in Corollaries 1.11,
1.12 f € ( )]0C (a, b) then equalities (1.14) and (1.16) hold almost everywhere
on (a, b), if we substitute £, £ by the weak derivatives "), £."; respectively.

Next we estimate the remainders of the above mentioned Sobolev representations.
We make

—(k
Remark 1.16. Denote by f( ) either f® or £%) where k € N.Let0 < m < I,
m € Z 4. We estimate

Rt f () :=ﬁ/ G- A T o)y, (121)

for x € (a, B), where A as in (1.7), see also (1.9).
So we obtain

B _
Ruf ()= = [ G- a7 mar. a2

Thus we derive

X _ [—m—1 /3_
Ry f ()] < 12stary B =) f\f(”(y)\dy

<
= (I —m—1)!
(1) o
00210 - |7 H (B —a) !
= L) : (1.23)
(I —m—1)!
x € (o, B).
We also have
|Rs [ (X)] < M[ﬂ Ix — y|/ ! ‘7«) (y))dy _. 1,
N D! o
—(0)
If /" € Lo (o, ), then
—()
Iolzan |7

1=

B
Loo(a.B) [—m—1
— dy | .
T —m—1) (/ S y)

But

b l—m—1 * l—m—1 b l—m—1
/ [x — | dy:/ (x—=») dy+/ (y—x) dy

. (ﬂ _x)l—m + (x_a)l—m
N [ —m '
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(D
Therefore if f € Lo (@, ), then

—(D
TP el

Rt f (0] < o (B0 ) a2
x € (a, B).
Letnow p,q > 1: % + é = l.If?m € L, (a, B), then

ol 2, ap p . 0
11—(1_L_1(_ ))! L'x_”q(l U dy Hf ‘

Ly@p)

However

B X 5
/ |x — qu(l*mfl) dy = / (x — y)q(l—m—l) dy + / (y . x)q(l—m—l) dy
o o v

(x — a)q(l—m—1)+1 + (B - x)q(l—m—l)+l
gl —m—-1)+1

—(
Hence if f() € L, (a, B), then

(1)
[P e

Ly(a,p)
Rt f ()] = =
(/3 _ x)‘](l—m—l)-i-l + (X _ O[)q(l—m—l)-f—l ql
X( gU—m—1+1 - (42
x € (a, B).

If sup pw C [, B], then

”a)”L](a,b) = ”w”Ll(a,ﬂ) . (1.26)

If w € C (R) and sup pw C [w, ], then

ol @p) = 1@llooap - (B—a). (1.27)
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‘We make

Remark 1.17. Here we estimate from the Taylor’s averaged polynomial, see (1.12)
and (1.20), that part

-1 — 1 P k
0=y g [T o E-pemay. am
k=1 Y

called also quasi-averaged Taylor polynomial. When / = 1, then Q° f (x) = 0.
We see that

07 f ) = Zii/ﬁ 77 )| 1 = v o 01y
- k=1 ket S

< (Z (B —a)k Hf(k)”u(aﬂ)) ol ®) - (1.29)

given that |lw]|,__g) < 00, x € (a, B).

—(k
Similarly, when f( ! € Loo(, ), k = 1,...,1 — 1, and |o]|, (&) < 00 we
obtain

| =1 )} < Z_ZI ”7(1()”%0(%/3) ooy /ﬂ| - |kd
0 x = . | e=yldy

k!
=1
(S (e e gy
—~ (k + 1)! Loo(@.) Loo(®) >
(1.30)
x € (a, B). —®
Let p,g > 1 : %—i—%{ =1,f €Ly(ap),k =1,.,1 —1, and again

1

U‘“" *

= DA K !
0" f ()] SZTp (/ [x — vl qd)’) ol Lo m®)

k=1

1
a7 S A A EAN PP
) P o Il oo

k=1

(1.31)

x € (a, B).
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—(k
Suppose w € L (R) and f( ) € Loo(a,B),k=1,...,1 —1, then

N PR
oWl =) = lol,@.  (132)
k=1 :

x € (., B).
Suppose p,g > 1: %—{—37 = 1,7(k) €L,(a,B),k=1,.,I-1;0 €L, (x,p),
then

-1

S
017/ ()] = (Z G |7

k=1

, 1.33
Lp(a’ﬁ)) ol wp) (1.33)

x € (a, B).
Suppose p,q,r > 1 :
w € Ly (a, B), then

—(k)
Lplal a7V e Ly@p)k =1,.1-1;

=1 H?UC) (kr+1) (kr+1) v
|Q1_1f (x)| < Z Ly(e.p) (B—x) " +(x—a) "
- = k! (kr +1)
x|z, @.p) (1.34)

x € (a, B).

‘We also make

Remark 1.18. Herel > 1,w € C'=? (R), sup pw C [o, B], [p @ (x)dx = 1, and
the derivative =2 is absolutely continuous on [a, b]. Hence we have that

-1

—1k F (k)
0 r =L [ ([e-ntow]”)rma as
k=1 ’ o
vV x € (a,p).
And it holds

_ — 1 [F ®)
0" ()] sé;/ (=0 om] ‘If(y)ldy, (1.36)

Vx € (o, ).
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Consequently, V x € («, ),

10" f ()]
-1 1 k (k)
(z o=t o] it
if feL(p) -
®
(Zf;ll i [(X - (Y)] , ) 112 o
< 7 Lies) (1.37)
= if € Lo (. B), '

when p,gq > 1 :%—{—é: 1, we have
_ (k)

(ZLL%[@—waUﬂy
it fel,p).

) Tirs

Lq(aaﬁ)

Let/,m e N,m <[, and f, w as above, x € («, f).
‘We consider here

I—m—1 ( l)ker

_ B (k+m)
I-1 ._ N
o r = S [ ([e-nt o] ™) rman s

k=1
When ! = m + 1, then Q!~' f (x) := 0.
Hence it holds

[—m—1

oyl = 3 k,/ '((x— Nom] )'If(y)ldy, (139)

Vxe(p).
Consequently, ¥V x € (a, B),

017 f ()]

k m
| ETORTe0) N [P P
if feL(ap), -

(k+m)
( i—nit 1 1 I:(x— ) w(y):l )||f||Loo(0t,ﬂ)’
Li(p) 1.40)
if £ € Loo (@), "

Whenp,q>1‘l+l=1 we have

( 2k [e-nfem]
if feL,(.p).

IA

) 1AL, .p) -

Lq (a.B)
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We also need

Remark 1.19. Here again 7(k) means either £ *) or £ %), k € N. We rewrite (1.12),
(1.14), and (1.20). For x € («, B) we get

B
f(x)=/ FM oG dy + 07 F (1) + Rosf (). (141

Also for x € («, B) we rewrite (1.16) (see also Remark 1.15) as follows:

o p
7" (x) = (=1)" [ F o™ (y)dy + 0L f (x) + Ry f (x). (1.42)

1.3 Main Results

On the way to prove the general Chebyshev—Griiss-type inequalities, we establish
the general

Theorem 1.20. For f, g under the assumptions of any of Theorem 1.10, Corol-
lary 1.11 and Theorem 1.14 we obtain that

B B B
/w(x)f(x)g(x)dx—(/ w(x)f(x)dx) (/ w(x)g(x)dx)

3 [(/ﬂ Iw(X)IIg(x)I!Q’_'f(x)ldx+[ﬂ o @117 @ |Ql—lg(x)|dx)
2 o ;

A(fg):

IA

8 8
+ (/ lo ()] |g ()] |Ros £ (x)|dx + / lo ()] ] f () |Ro,/g(X)|dX)]
(1.43)

Proof. For x € (a, B) we have

B
£ = / F O o0 dy + 0 f (¥) + Ros f ().
and
B
g () = [ ¢ ()dy + 0 (¥) + Rosg (x).
Hence
B
w(x)f(x)g(x)=w(x)g(x)/ £ o ()dy
F o) g 0 f () + () g () Rosf ().
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and

B
w(x)f(x)g(x>=w(x)f<x)/ g o(y)dy
+o((x) f(x) 0 (x) + w(x) f (x) Rosg (x).

Therefore

B B B
fw(x)f(x)g(x)dxz(/ w(x)g(x)dx) ([ f(x)w(x)dx)

b 1—1
+/ (1) g () 0 f (x) dx

B
4 / o (%) g () Roy f (x)dx.

and

B B B
[w(x)f(x)g(x)dx=(/ w(x)f(x)dx) (/ g(x)w(x)dx)

p [—1
+/ () f () 0" g (x) dx

B
4 / o (x) f (x) Rog (x) dx.

Consequently it holds

B B B
/w(x)f(x)g(x)dx—(/ w(x)f(x)dx) (/ g(x)w(x)dx)

B B
=/ w(x)g(X)Q"'f(X)dX+/ © () g (1) Rou f () dx,

o a

and

B B B
/w(x)f(x)g(x)dx—([ w(x)f(x)dx) (/ g(x)w(x)dx)
B B
- / () f (@) Qg (x)dx + f o (x) £ (x) Rosg (x) dx.

o



1.3 Main Results 13

Adding the last two equalities and dividing by two, we get

B B B
/w(x)f(x)g(x)dx—(/ w(x)f(x)dx) (/ g(x)w(x)dx)

1 B B
ZEK/ w(X>g(x>Q"‘f(x>dx+/ w(x>f(x>Q"‘g(x>dx)

B B
+ (/ 0 ()€ () Rosf (dx+ [0 () 1 () Rosg ) dx)] ,
hence proving the claim. H

General Chebyshev—Griiss inequalities follow.
We give

Theorem 1.21. Let f,g with =V, g"=Y absolutely continuous on [a,b] C R,
l € N; («,B) C (a.b). Let also w € Ly (R), sup pw C [o, ], [gw (x)dx = 1.

Then
B B B
/w(x)f(x)g(x)dx—(/ w(x)f(x)dx) (/ w(x)g(x)dx)

ol O sy B~ "
= % |:|:||g||oo.(a./3) (Z w(kf)

k=1
8% ooy B~
1 ooy (Z . v )]
k=1 )

)
+|: (”g“oo,(ot,ﬂ) Hf Li(a.p)

oot 2], (ﬂ(l‘_“l);!_lﬂ s

Proof. By (1.23)and (1.32). H

Theorem 1.22. Let f.g € C' ([a.b]), [a.b] CR, [ € N, (a0, B) C (a,b). Let also
w € Loo (R), sup po C [o, B, [g @ (x)dx = 1. Then

B B B
/w(x)f(x)g(x)dx—</ w(x)f(x)dx) ([ w(x)g(x)dx)

_ k
loll., & (1S oy B =)
< ||a)||Ll(R) |: ;I( ) ”g”oo,(a,ﬁ) Z OO(kﬁ:)

k=1
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2% gy (B — @)
+ 11/ Moo .p) (Z (Hg | ’(lﬁ) : ))}

k=1

" [nwuw,(a,ﬂ) L e T

oo, (a.f)

1 e [£]. ) H (1.45)

Proof. By (1.24) and (1.32). N

We further present

Theorem 1.23. Let f,g € (W)™ (a.b); a,b € R;(@,B) C (a,b), | € N;
o € Lo (R), sup po C [a, B], wa (x)dx = 1. Then

B B B
/w(x)f(x)g(x)dx—(/ w(x)f(x)dx) (/ w(x)g(x)dx)
- ”w”ioo(]R) — (ﬂ )

=5 lelen (2 s

-1 Nk
+ ”f”Ll(a.ﬁ) (Z ((IB k!a) L](a,ﬂ)))j|
+[(

k
AP

(k)

w

Li(a.p)

gl

1 ey @p)

B—-a)
.ﬂ)) (=) ]} (1.46)

Theorem 1.24. Let f.g € (Wll)IOC (a,b); a,b € R;(a,B) C (a,b), ] € N;
w € Lo (R), sup po C [, B], fR w (x)dx = 1. Furthermore assume fvf,k),g‘(vk) €
Lo (@, B),k =1,...,1. Then

B B B
/w(x)f(x)g(x)dx—(/ w(x)f(x)dx) (/ w(x)g(x)dx)

- k k+1
ol A B =)
=7 l&llz,.p) k!

k=1

Proof. By (1.23)and (1.29). N
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ey B =)
+nfMMMﬁ>(§:“ ”LW(ii )}

k=1
+[@ﬂhmw

+ 1Ny @p

A

‘Loo(a,ﬂ)

B _a)l+1
Loo(a«ﬂ)) W}} (LAT)

Theorem 1.25. Let f,g € (Wll)10C (a,b); a,b € R;(a,B) C (a.b),] € N;
w € Loo (R), sup pw C [, B, [g @ (x)dx = 1. Furthermore, assume for p > 1
that fw(.k), gfv/.‘) €L, pB).k=1,..1 Then

)

Proof. Asin (1.24) and by (1.30). H

A(fg) =

B B
‘/ w(x)f(x)gcwdx—-(/ w(xyfcwdx)

B
(feone)
ol S (B -a)
< LT(]M |:§ gl @.p) (]; ok

Lp(a.ﬂ))
-1
(k)

(8 — a)k+1—%
+ 1/ 1z @p) ;T SL P

k
A

w

+ 7

(IlgIILl(a,m ‘Lp(olﬁ)

)(ﬂ—af“‘i
Ly(@.p) (I -1 '

(1.48)

g\

+ 1 N2y @p)

Proof. Working as in (1.25) and from (1.33). H

Remark 1.26. When f.g € C'([a,b]), ! € N, Theorems 1.23—1.25 are again
valid. In this case, we substitute £, g% by f® &) in all inequalities (1.46)—
(148):k =1,...1.

We continue with
Theorem 1.27. Let | € N — {1}, o € C™? (R), sup pow C [, B], [ @ (x)

dx = 1, and the derivative 0= is absolutely continuous on [a,b] C R; («, B) C

(a,b) . Here suppose f,g € (Wll)loc (a,b), or f.g € C' (la,b]). Here 7(1) denotes
either fw(,” or fO, and A (f.g) asin (1.43).
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We have the following cases:

(i) It holds

ol
A(fg) < —°° 28l @p 1L @.p)

1—1 1 . @
(X gz [levrom]]

+ (“g”Ll(aﬁ) H7U) HLl(a.ﬂ)
B-a

W e [, ) = ||w||oo]. (1.49)

(ii) Assume further that f, g, f() 7V € Lo (a, B) . Then

o]
A8 = 722 | (1S Doty 18 ity + 18 Loty 1 sy

— 1 . ®
(D sw H[(x—y) 0]
Li(a.p)

o K re@p y
"l
H (1hen [ 7],
1+1
—() H (B—a)
e |27, ) Gt Tt |
(1.50)
(iii) Let p,q > 1 : % + é = 1; assume further that f,g,7(l),§(1) € L,(p).

Then

N
~
&

IA

B
3
—

{ (”g”Ll(a,ﬂ) ”f”Lp(a,ﬁ) + ||f||L1(a.ﬂ) ||g||Lp(a,ﬁ))

li 1 ' )
X — sup
k! Ly(@.p)

S (-9 om]

y

()H

(llgllm ) Hf Ly(a.p)
—q
aull| A Vs Hg( ) HL,,(a.ﬂ))

oty
x (ﬂ(loi—)l)' ”w”wH' (1.51)
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Proof. By (1.43), (1.37) and by Theorems 1.23, 1.24,1.25. N
Next, we give a series of Ostrowski-type inequalities.

Theorem 1.28. Let | € N,[a,b] C R,a < a < B < band v € L, (R),
sup po C [, B], [gw (x)dx = 1. Assume f on [a,b] : FU=D exists and is
absolutely continuous on [a, b] . Then for any x € («, B) we get

_ g Al
|f(x) /f(y)w(y)dy 0" f (x)

Il [ £y B =)'
- Li(R) “ 0 ||_Lll();ﬂ) = A,. (1.52)

If additionally we assume |||, ®r) < 00, then ¥ x € («, B), we obtain

B
‘f(x)—/ £ 3ok dy

-1 okt kL
(S () bl et

k=1

ol ®) |r® ||Ll(a,ﬂ) B-a)!
+ (-1

= B (x). (1.53)

Proof. By (1.41), (1.23), and (1.30). W

Theorem 1.29. All as in Theorem 1.28. Assume f € C!([a,b]). Then ¥V x €
(. B).

_ ¢ il
'f(x) /f(y)w(y)dy 0 f (x)

ol [£0] (6 -0+ 0 -))

< I = A ().  (154)

If additionally we assume |||, g) < o0, then V x € (a, B),

B
'f(X)—/ £ o) dy

-1 kI Nkt
< (S (C e ] Yot

k=1

10l @ [ £Vl (B=)" + x—a)')
* !

=:By(x). (1.55)
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Proof. By (1.41),(1.24), and (1.30). W
‘We continue with

Theorem 1.30. Let all as in Theorem 1.28 or f € ( )loc (a,b) and rest as in
Theorem 1.28. Then ¥ x € (a, B) (or almost every x € («,B), respectively),
we get

p
E(f)(x): |f(X) —/ fMe()dy =07 f (%)

olzan |77],, ., B =)
= = 1)!

Additionally, if ol &) < o0, Y x € (a,p) (or almost every x € (a,p),
respectively), we derive

=: As (1.56)

A(f)(x):

B
'f(x)—/ £ oK) dy

IA

(Z (ﬁ—a) Hf(k)HL( ﬁ)) ol

Il wn Hf((:)kg!ﬂ) B —a)! e

Proof. By (1.41), (1.23),and (1.29). W

Theorem 1.31. Let all as in Theorem 1.28 or f € ( )10C (a,b) and rest as in

Theorem 1.28. Assume furtherf € Lo (a,B). Then V x € (a, B) (or almost
every x € (a, B), respectively), we get

—) Y Y.
rir < e 17, w;!(w 0+ (x “)):;A4(x)_

(1.58)
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Additionally T € Log (e, B), k = 1,...0 — 1 and if |||, g, < 0, then ¥
x € (a, B) (or almost every x € («, B), respectively), we get

-1 ((ﬂ T (x —oz)kH) —w

A ) = T f ol )
= . Loo(@.f)
ol |77, ., (=0 +@-a)
Rl
=t By (x). (1.59)

Proof. By (1.41), (1.24), and (1.30). W

Theorem 1.32. Let all as in Theorem 1.28 or f € (Wll)loc (a,b) and rest as in

—(
Theorem 1.28. Let p,q > 1: % + % = 1. Assume further f() € L,(a,B). Then
V x € (, B) (or almost every x € (a, B), respectively), we get

—(D
ol | 7]

d—1)!

_ =D+ =D\ 7
><<(’3 x) +x-9) ) = As(x). (1.60)

Lp(a.p)

E(f)(x) =

g —-1)+1

Additionally, ifT(k) €Ly(a,p)k=1,..,01—land|o|, g < oo then ¥
x € («, B) (or almost every x € («, B), respectively), we get

A(f) (%)
-1 ((ﬁ _x)(kq+1) +(x _(X)(kq+1)) i 7(k) e

<
- ]; kg +1 k!

x @l g + As (x) =: Bs (x). (1.61)

Proof. By (1.41), (1.25), and (1.31). W
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We further give

Theorem 1.33. Let all as in Theorem 1.31. Here assume w € L (R). Then V
x € («, B) (or almost every x € (v, B), respectively), we get

B
A(f) (x) = f(x)—/ £ oK) dy

—(k)
|7, L, B
< ool loll,, ) + As (x)
= k!
=: Bs(x). (1.62)

Proof. By (1.32) and (1.58). W

Theorem 1.34. Let all be as in Theorem 1.32. Here assume w € Ly (o, B), q > 1.
Then N x € («, B) (or almost every x € («, B), respectively), it holds

AN = (Z B o) j70)

) lollz, @.p) + As (x) =: By (x) .
(1.63)

p(aaﬁ)

Proof. By (1.33)and (1.60). M

Theorem 1.35. Let all as in Theorem 1.28 or f € (VV]I)loC (a, b) and rest as in The-

orem 1.28. Let p,q,r > 1: ];+$+} = 1,7(k) eL,(@p)k=1..,I-loe
Ly (a,B). Then ¥ x € (a, B) (or almost every x € (a, B), respectively), it holds

B
‘f(X) —[ £ () dy — Ros f (x)

-1 H?(k) (kr+1) Ur+D\ 7
- Z Ly@p) [ (B—x) +(x—a) o]
< a G+ ) Ly(@.f)

k=1

— D). (1.64)

Proof. By (1.34)and (1.41). W

We also give
Theorem 1.36. Let N > [ > 1 and o € CU"™(R), suppw C o, B,
Jre(x)dx = 1, o' is absolutely continuous on [a,b], [a,f] C (a.b);

a.b € R. Here f € C'(la.b]) or f € (W, )1°° (a.b). For every x € (a,p)
(or almost every x € («, B), respectively), we get for

B
A(f) () = f(x)—f £ 3o ()dy
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that:
(i) It holds

-1

A(f)()C)f(Z%'

o (k)
[(x y) w(y)]y 1Ly )

Li@p)
(I —1)!

ol [ 7] B-a
+ =:C;(x). (1.65)

(ii) If £ 7" € Loo (@. ) . then

-1
A ) = (Z%

k=1

(-t om]”

) 112 o (@)
Ly(a.B)

el 7, ., (- a-a))

I
=:C, (x). (1.66)
(iii) Let p,g > 1: % + ql = 1. Assume further thatf,?m €L, (a,B).Then
o 1 L ®)
A(f)(x) < Z S l[e= o] 11 )
k=1 " YollLy(e.p)
(1)
ol [7°], )
(=1
(I-1+1 (D41 7
(B0
gl —-1)+1
=:C3(x). (1.67)

Proof. By (1.37) and Theorems 1.30-1.32. W
We finish Ostrowski-type inequalities with

Theorem 1.37. Let I.m € N, m < [; 0 € CU™R), suppw C |, B],
Jro(x)dx = 1, "= is absolutely continuous on [a,b], [a,B] C (a.b);

a,b € R. Here f € C'([a,b]) or f € ( )10°(a b). For every x € (a,B)
(or almost every x € («, B), respectively), we get for

—m B
Ep () (x) :=|f”<x)—(—1>'" / f o™ (y)dy -0l f(x)], (1.68)
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and
—(m) m p (m)
Ap () (x):=|f () =1 / S o™ (y)dy (1.69)
that
(i) It holds
U] I—m—1
||60||L1(]R<) S (B—a)
Ep (f) (x) < Haﬁ“?b! = E.  (170)
and
Pty . (k+m)
MRISE DY ;;'[cx—-y) ()], H 1/ 2160
k=1 " ©
+E, =: G, (x). (1.71)

(i) 1If 7" € Loo (. B) , then

(0]
EMﬁ@LJWMmeHme

m)!

x ((,B — )" 4 (x - a)”’") — E(x), (172

) )
Li(a.p)

y

if additionally we assume f € L (t, B) , then

I—m—
Ap (f)(x) = ( >
k=1

XNl Lo @py T E2 (%) =2 G2 (x) . (1.73)

1

(=1 0]

1
k!

(iii) Let p,q > 1: -+ + - = 1, assume further that?m €L, (a,pB), then

1,1
P g

"l
w
lollz, ®) Hf Ly(@.p)

(I —m-—1)!
((,3 _ x)q(l—m—1)+1 +(x — a)q(l—m—l)+1)§
X

Eg(f)(x) =

qgl—m—-1)+1
= E;5(x), (1.74)
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and if additionally f € L, (o, B), then

I—m—1 1 . (k+m)
2H0 =Y Fl[c-»em] A
k=1 " Y Ly(a.f)
+E;(x) =: G (x). (1.75)

Proof. By (1.23)—(1.25),(1.40), and (1.42). W
‘We make

Remark 1.38. In preparation to present comparison of integral means inequalities,
we consider (1, ;) € («, B). We consider also a weight function ¥ > 0 which is
Lebesgue integrable on R with sup py C [y, B;] C [a,b], and [ ¥ (x)dx = 1.
Clearly here faﬂl " (x)dx = 1.

For example, for x € (a1, 8,), ¥ (x) := /SIITm’ zero elsewhere, etc.

We will apply the following principle: In general a constraint of the form
|F (x) — G| < &, where F is a function and G, ¢ real numbers so that all make
sense, implies that

‘/ Fx)y (x)dx —G| <e. (1.76)
R

Next we present a series of comparison of integral means inequalities based on
Ostrowski-type inequalities given in this chapter. We use Remark 1.38.

Theorem 1.39. All as in Theorem 1.28. Then

Bi B By
u(f):=/ f(XW(x)dx—/ f(y)w(y)dy—/ 0'" £ (x) ¥ (x) dx

1

<A, (1.77)

and

By B
m(f>:=/ f(xw/(x)dx—/ £ 3o ()dy

< (;z % | 7% Hoo) ol
=1

ol @) 1f O], s B—)™
* (-1 ’

(1.78)
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Proof. By Remark 1.38, Theorem 1.28, and the fact that the functions (8 — x)k 1
4+ (x — oz)k'H, k = 1,..,1 — 1 are positive and convex with maximum

(18 o a)k-i-l o m
Theorem 1.40. All as in Theorem 1.29. Then

”w”Ll(R) ”f(l) ||o<> (B —05)]

u(f) < T .

and

m(f)i(:i (ﬁ(k_f)l), | 7] )||w||Loo<R>
1

IIwIIL.(R /o (B —
n

Proof. Just maximize A, (x) of (1.54) and B, (x) of (1.55),etc. H
Theorem 1.41. All as in Theorem 1.30. Then

u(f) =< As,

and
m(f) < Bs.

Theorem 1.42. All as in Theorem 1.31. Then

N RNl

! '

ol e |7
u(f) =

and

(ﬂ_ )k+1 — k)
m(f)s<2 S Hf"HLw(aﬁ)) Lo

el 7 -

Loo(a.B)
Al

Theorem 1.43. All as in Theorem 1.32. Then

B
u(f) =< / As (x) ¥ (x) dx,

(1.79)

(1.80)

(1.81)

(1.82)

(1.83)

(1.84)

(1.85)
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and

B
m(H= [ By @ (186)
ay
Proof. By the principle: if |F (x) — G| < &(x), then | F (x) ¥ (x)dx — G| <
J & (x) ¥ (x)dx, etc. Here As (x) as in (1.60) and Bs (x) asin (1.61). M
Theorem 1.44. All as in Theorem 1.33. Then

B
m(f) < / Bs (x) ¥ (x) dx, (1.87)

where Bg (x) as in (1.62).
Theorem 1.45. All as in Theorem 1.34. Then

B
m(f) < / By (x) ¥ (x) dx, (1.88)

where B7 (x) as in (1.63).
Theorem 1.46. All as in Theorem 1.35. Then

B B Bi
/ £ @)y () dx— / £ o) dy - / (Rosf () ¥ (x) dx

B
< / @ (x) ¥ (x) dx, (1.89)

where @ (x) as in (1.64).
We continue with

Theorem 1.47. All as in Theorem 1.36. Then
(i)

m(f) = (Z o sup

xe[al ﬁl]

(k)
(-0 ]| ) 1 sy

()H # -1
Liep) . (1.90)

ol |7
+ (d—1)
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(i) If £, 7" € Loo (@, B) . then

B
mH= [ Cwvmar (191)
(iii) Let p,g > 1: L + 1 =1; assumefurtherf,7(l) € L,(a,pB),then
P g p
B1
n(H= [ Gwy e (1.92)

Here C, (x) as in (1.66) and C3 (x) as in (1.67).
We finish the results about comparison of integral means with

Theorem 1.48. All as in Theorem 1.37. Denote by

B o g
i (f) 1= / 7" () ¥ (x) dx — (<" [ £ ) o™ () dy

By
— f (O f () ¥ (x) dx|, (1.93)
and
ﬁl_(m) m ﬁ ( )
pm(f):=/ 7 () ¥ () dx — (-1 / FOo™ )yl (1.94)
(i) It holds
un (f) < Ev. (1.95)

where E| as in (1.70), and

l—m—1 1 . (k+m)
= X g s |[e-ntow] ” 10 esiapy + B

k=1 'xe[otl,ﬂ]] o)
(1.96)
(i) I F" € Loo (@, B) , then
—)
||0)||L1(R) f
un (f) < H H Loo@h) (g _ )l (1.97)

(I —m)! ’
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and if additionally assume [ € Lo (o, B), then

I—m—1

o 1 (k+m)
pn ()= D o sup H(x - (y)] , /1o @)
k=1 'xG[ou.,Bl] Y Li(a.p)
—() _
ol [ 7], E-a'"
= , 1.98
+ T—m) (1.98)
(iii) Let p,qg > 1: % + ql =1, assumefurther7(1) € L, (a,B), then

i () s]ﬁ

where E3 (x) as in (1.74), and if additionally f € L, (a, B), then

l E3 (x) ¥ (x) dx, (1.99)

B
Pm () 5/ G3 (x) ¥ (x) dx, (1.100)

o]

where Gz (x) as in (1.75).
We need

Remark 1.49 (Background). Let f be a convex function from (0, 4-oc0) into R
which is strictly convex at 1 with f (1) = 0. Let (X, 4, 1) be a measure space,
where A is a finite or a o-finite measure on (X, A). And let 1, i, be two probability
measures on (X, A) such that u; < A, u, < A (absolutely continuous), e.g.,
A=+ iy

Denote by p = %, q = dd% the (densities) Radon-Nikodym derivatives of 1,
M, with respect to A. Here we suppose that

O<a<=<p,ae.onXanda <1<§8.

Q|

The quantity

p (x)
q (x)

ry ) = [ f ( )dux), (1.101)

was introduced by 1. Csiszar in 1967, see [9], and is called f-divergence of the
probability measures j; and ,. By Lemma 1.1 of [9], the integral (1.101) is well-
defined and I'y (11, ,) > O with equality only when yu; = p,. Furthermore
I'r (1, y) does not depend on the choice of A. The concept of f-divergence
was introduced first in [8] as a generalization of Kullback’s “information for
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discrimination” or [-divergence (generalized entropy) [12, 13] and of Rényi’s
“information gain” (/-divergence of order §) [15]. In fact the I-divergence of
order 1 equals I10g,4 (f41, [45). The choice f (x) = (u— 1)*> produces again
a known measure of difference of distributions that is called y>-divergence. Of
course the total variation distance |p; — u,| = fX |p (x) —q (x)]dA (x) is equal
to ﬂu—ll (I‘le I‘LZ)

Here by supposing f (1) = 0 we can consider Iy (i, ,), the f-divergence
as a measure of the difference between the probability measures w;, i,. The
f-divergence is in general asymmetric in ¢, and u,. But since f is convex and
strictly convex at 1 so is

f*w=uf (l) (1.102)
u
and as in [9] we obtain

Iy (s 1) = Tpx (g, ). (1.103)

In information theory and statistics many other divergences are used which are
special cases of the above general Csiszar f-divergence, e.g., the Hellinger distance
Dy, a-distance D,, Bhattacharyya distance Dy, Harmonic distance Dy,, Jeffrey’s
distance Dy, triangular discrimination D 4, for all these see, e.g., [5, 10]. The prob-
lem of finding and estimating the proper distance (or difference or discrimination)
of two probability distributions is one of the major ones in Probability Theory.

Here we provide a general probabilistic representation formula for I'y (i, ).
Then we present tight estimates for the remainder involving a variety of norms of
the engaged functions. Also are implied some direct general approximations for the
Csiszar’s f-divergence. We give some applications.

‘We make

Remark 1.50. Here 0 <a <a < 55—;‘; <B<b<+oo,ae.onX anda <1 < p.

Also suppose that f/~1 exists and is absolutely continuous on [a,b], | € N.
Furthermore f is convex from (0, +00) into R, strictly convex at 1 with f (1) = 0.
Letw € L; (R), sup pw C [, B], [ @ (x)dx = 1.

Then V x € (&, B) we get by Theorem 1.10, as in (1.41), that

B
fm=/ Mwmww+Q”ﬂm+&mw>

Therefore
P (29 g (242),
(28 = [ rmomar s oty (28 4 ks (22

a.e.on X.
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Hence

B
()f( P ) )=q<x)/ £ (o O)dy

q (x)
gm0 (”( )) g () Ros f (p(’”),
© e

ae.onX.
Therefore we get the representation of f-divergence of 1, and u,,

B
Iy (i) = q()f( )dx(x)sz(y)w(y)dy

q(x) o'ty ( ))dux)

(x)
/q(x)Rozf( )dk(x). (1.104)
Call
Or :— 4 o'f ( )dx (x), (1.105)
and
Rei= [ 40 Rors ( )dx ). (1.106)
We estimate Q  and R.
If o], ®) < 00, we get by (1.29) that
« (B-a)
— (k)
0 < (g |7 HLM) 0l ey (1107)

Notice if [ = 1, then always Q = 0.
Nextif again [|o|;__ &) < 0o, then (by (1.30))

O\ X 1
|QF<(/XQ(X)(IZI(ﬂ%) (52-a)

£ (k + 1!

» Hf(k) Lm(aﬁ)) A (x)) ol &) - (1.108)
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Letnow p,g > 1:

% + ql = 1 and again ||a)||Loo(]R) < oo. Then (by (1.31))

1
(kg+1) (kg+1)\ ¢
— px) p(x)
af(B-58) + (5o

05| < /Xq(x) > 0

P kg + 1

Nl

Next assume w € L; (R), then (by (1.32))

NSOy B
IQr|§<Z” “L“’(k"f) )nwnLl(R). (1.110)

k=1

If pg>1: % + 5 = land w € L, (a, B), then (by (1.33))

-1 Nk
orl= (; . k!a) e

Assume p,q,r > 1: % + é +,l~ = land w € L, («, B), then (by (1.34))

. 1.111
L,,(a,ﬂ)) lollz, @.p) ( )

i VA Ly(@.p)

0 < /Xq<x) >

k=1

1

q(x) q(x)
kr+1

X

dA (x)

X @llz,@p) - (1.112)

We make

Remark 1.51 (continuation of Remark 1.50). Here [ > 1, w € ci-2 (R),

sup po C o, B, [ @ (x)dx = 1, and w7 is absolutely continuous on [a, b] .
Then (by (1.35))

-1 (k)

—1)* B k
QF:/xq(x) > [(Zg;—y) w(y)} £ dy |dh).

k=1 y

(1.113)
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Hence by (1.37) we obtain

|Qr| < min of

-1 1)

fya@ | > # (1’(— ) o A ) | 1 zywpy
k=1 =V oo
1—1 - (k)

fxa |4 ( ) o ) |1 oot
k=1 =Y Ly (@)

when p,g > 1: % + é = 1, we have
=l e 10
k

Sea X HI(E2-y) 0w a2 ) | 1L wp)

k=1 - 4 Ly .p)

(1.114)

We also make

Remark 1.52 (another continuation of Remark 1.50). Here we estimate the remain-
der R of (1.104). By (1.23) and (1.106), we obtain

”w”Ll(a,b) ||f(l) ||L1(a,ﬂ) (IB - a)]_l

=) (1.115)

|Rr| <

If £ € Lo (e, B), then (by (1.24)) we obtain

ol @ |/ . !
1)
l
+(p(x)—a) dr(x) ). (1.116)
q (x)

Letnow p,g > 1: % + ql = 1. Here f) € L, (a, B), then (by (1.25)) we get
@ (q=D+1)
PRPLLT L P (/ 4 () ((ﬁ -9
(q—=1)+Da (-1 \Jx q (x)
(qU=D+D)\ ¢
+ (p ) —“) di (x) | (1.117)
q (x)

Finally we observe that

B
I’y (m,uz)—/ fOw(y)dy = Or + Ry, (1.118)
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and

g
T= Ff(“lvﬂz)_/ f Mo ()dy| <10r|+I|Rr|. (1.119)

Then one by the above estimates of |Q | and | R | can estimate 7, in a number of
cases.

1.4 Applications

Example 1.53. LetV :={x € R :|x — xo| < p}, xo € R, and

(x—x0)* )_l

— ==

p(x):=1e ( ’” . if |x —xo| < p, (1.120)
0, if |x —xo| > p.

Call ¢ = [pe(x)dx > 0, then @ (x) := %(p (x) € Cg°(R) (space of
continuously infinitely many times differentiable functions of compact support) with
sup p® =V and ffzo @ (x)dx = 1 and max |®| < constant - p~'. We call @ a
cut-off function.

One for this chapter’s results by choosing @ (x) = @ (x) or w (x) = zlp,
can give lots of applications. Due to lack of space we avoid it.
Instead, selectively, we give some special cases inequalities. We start with

Chebyshev—Griiss-type inequalities.

Corollary 1.54 (to Theorem 1.22). Let f,g € C' ([a,b]), [a,b] C R, (a,B) C
(a.b). Let also w € Lo (R), sup pw C [o, B, [g @ (x)dx = 1. Then

B B B
/w(x)f(x)g(x)dx—(/ w(x)f(x)dx) (/ w(x)g(x)dx)

(B — )’

= Nl leolloo @p) ——

X (”g”oo,(a,ﬂ) | oy + 1 ooy 18 ||oo,(a,,s))- (1.121)

etc.,

If f =g, then

B B 2
/ o (x) f*(x)dx — (/ a)(x)f(x)dx)

< llollL,@) l@llos.@p B = 1f looiap) |/ |ooiapy - (1:122)
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Corollary 1.55 (to Theorem 1.23). Let f < (W,l)lOC (a,b);a,b € R;(a,B) C
(a,b), w(x) = ﬂ%aforx € [, B], and zero elsewhere. Then

Lo | p L EA Y A P
‘m/a R I

(1.123)

We continue with an Ostrowski-type inequality.

Corollary 1.56 (to Theorem 1.30). All as in Theorem 1.30. Case of | = 1. Then,
for any x € (a, B) (or for almost every x € (o, B), respectively), we get

—
= ol |7 (1.124)

Li(@p)

B
‘f(X)—/ £ o) dy

Next comes a comparison of means inequality.

Corollary 1.57. All here as in Corollary 1.56 and Remark 1.38. Then

Bi B
/ f(x)w(x)dx—/ £ 3o () dy

—
= ol ®) Hf HLIW). (1.125)

Proof. By (1.124). 1
We finish with an application of f-divergence.

Remark 1.58. All here as in Background 1.49 and Remark 1.50. Case of / = 1. By
(1.104) we get

B
Iy (. 1) = / F oG dy + /Xq () R, f (%) dA(x). (1126)
That is here
Rr = / g (x) R, f (M) dA (x). (1.127)
X q (x)

By (1.115) here we get that
IRl <Nl 1 1y opy - (1.128)
If f/ € Loo (, B), then here we get

IRP] < 10l sam [ 7]y B =) (1.129)
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Letnow p,qg > 1: % + ql = 1 and assume [’ € L, («, ), then here we obtain
1
IRr] = Nl yam ] 1w (B =07 (1.130)
Also notice here that
B
K:=1Ty (Ml»ﬂz)_/ f (e (y)dy =Rr, (1.131)

(I =1 case).
So the estimates (1.128)—(1.130) are also estimates for K.
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Chapter 2
Multivariate Integral Inequalities Deriving
from Sobolev Representations

Here we present very general multivariate tight integral inequalities of
Chebyshev—Griiss, Ostrowski types and of comparison of integral means. These rely
on the well-known Sobolev integral representation of a function. The inequalities
engage ordinary and weak partial derivatives of the involved functions. We give also
applications. On the way to prove the main results we obtain important estimates
for the averaged Taylor polynomials and remainders of Sobolev integral represen-
tations. The exposed results are thoroughly discussed. This chapter relies on [4].

2.1 Introduction

This chapter is greatly motivated by the following theorems:

Theorem A (Chebychev, 1882, [7]). Let f, g : [a,b] — R absolutely continuous
functions. If f',¢ € Lo (a, b)), then

b b b
— f(x)g(x)dx—(b_—la)z(/ f(x)dx) (/ g(x)dx)

1 / /
< 55 6-0? 17| ¢

Theorem B (G. Griiss, 1935, [8]). Let f, g integrable functions from [a,b] — R,
suchthatm < f(x) < M, p < g(x) < o, forall x € [a,b], where m, M, p,
o € R. Then

b b b
=t f(x)g(x)dx—(b_—la)z([ f(x)dx) (/ g(x)dx)

1
= M -—m)o—p).

In 1938, A. Ostrowski [9] proved.

G.A. Anastassiou, Inequalities Based on Sobolev Representations, 35
SpringerBriefs in Mathematics 2, DOI 10.1007/978-1-4614-0201-5_2,
© George A. Anastassiou
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Theorem C. Let [ : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) whose derivative f’ : (a,b) — R is bounded on (a,b), i.e., | f oo =

sup | f'(¢)| < +o00. Then
t€(a,b)

b _ ath)?
e RCLEEE f[i*%}w—awnw

for any x € |a, b]. The constant le is the best possible.

See also [1-3] for related works that inspired as well this chapter.

In this chapter using the Sobolev-type representation formulae, see Theorems
2.6, 2.8, 2.11 and 2.23, also Corollaries 2.12 and 2.13, we estimate first their
remainders and then the involved averaged Taylor polynomials.

Based on these estimates we establish lots of very tight inequalities on R”,
n € N, of Chebyshev—Griiss type, Ostrowski type and of Comparison of integral
means with applications. The results involve ordinary and weak partial derivatives
and they go to all possible directions using various norms. All of our machinery
comes from the excellent monograph by V. Burenkov, [6].

2.2 Background

Here we follow [6].

For a measurable nonempty set 2 C R"”, n € N we shall denote by L;’C (£2)
(1 < p < o0) - the set of functions defined on §2 such that for each compact
KcQ, felL,(K).

Definition 2.1. Let 2 C R” be an open set, @ € Z", o # O and f,g € L (2).
The function g is a weak derivative of the function f of order o on £2 (briefly
g=D )itV ¢ e CP(2)(e., ¢ € C*®(£2) compactly supported in £2)

/fD“godx:(—l)‘“'/ g@dx. 2.1
2 2

Definition 2.2. Wpl (£2) I € N, 1 < p < o00) — Sobolev space, which is the
Banach space of functions f € L, (£2) such that V « € Z" where |a| < [ the
weak derivatives Df f exist on £2 and D¢ f € L, (§2), with the norm

1/ gy = 2 1057110 2.2)

la|<t

Definition 2.3. For/ € N, we define the Sobolev-type local space (W] )(loc) () :=
{f:2—>R: felLl (£2)andall f-distributional partials of orders < / belong
toL) (2)}={f¢€ L*¢ (£2) : for each open set G compactly embedded into £2,

few G}
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Definition 2.4. A domain £2 C R” is called star-shaped with respect to the point
y € 2if V x € £2 the closed interval line segment [x, y] C £2. A domain 2 C R”
is called star-shaped with respect to an openball B C 2ifVy € BandV x € 2
we have [x, y] C £2.

We call the set

Vi = Vxp = Uyep (x,y) = convex hull of {x} U B,

a conic body with vertex x constructed on the open ball B (if x € B, then V, = B,;
if B C £ and x € B, then Vy = B).

In fact V, for otherwise is the region consisting of B and the part of the cone
with vertex at x, tangent to the sphere of B, which lies between x and B.

Next comes the multidimensional Taylor’s formula.

Theorem 2.5. Let 2 C R”" be a domain star-shaped with respect to the point
xo€2,leNand f € C'(R2). ThenV x € 2

OED pEtt LUYREITEEDS

|a|<! : la|=1

Lt f 0D ok e 23)
o! 0

(here we mean xo+t (x — xo) = (xo1 + ¢ (x1 — X01) ..., Xon + 1 (X, — X0p)), @ =
(@1, ..,0) €28, o] = Y0 o, o) = !, (X —x0)® = (g —x01)™ ...
(Xp — Xon)*"). Here |-| stands for the Euclidean norm: |x| = /> 1_ x? x =
(X1,...,X0).

Next we mention the Sobolev representations.

Theorem 2.6. Let §2 C R" be a domain star-shaped with respect to the open
ball B = B (xo,r) such that B C 2, w € Ly (R"), the support supp v C B,
fgn@ (x)dx = 1,1 € N and f € C' (£2). Then for every x € 2

ro=Y o[ o nme-meny 1Y L[ @-nrom

la| <l |a|=I
1
x (/0 A=) D) (y+1(x—y)) dt) dy. (2.4)

Proof. We write (2.3) for x, xo = y, multiply it both sides by  (y) and integrate
on B with respectto y. W

Call | D* f |52 5 = |m‘ax {||D"‘f||C><> B}, where |||/ 5 is the supremum norm
A, o : .

on B, d := diameter of B.
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Proposition 2.7. Same assumption as in Theorem 2.6, x € B. Then

/
(nd)" ol @n 10 f 5.5

R, := |Remainder (4)| < T

(2.5)

Proof. We have that

! : “ l 1—0)~" (D" 1 dr ) d
ZJ/B(X—Y) w(Y)(/O (1= D)y +1(x—y) ) y

loe|=1

<1y S ‘ -0 e dr)d
= Za—g/BKx—y) """(y)'(/o (1=~ (D ) (-t (=) )y

|a|=I

1
<101 | X 57 [ 1= o0l ay

loe|=1

IA

max 1
107 1’| X o [ ool

lerf=1

D" f el s -d!- ol (s Z o
a [ !
la|=1
max /
D% fllsers - (d 1) llwllp, s
! ’

From [6], p. 104, we mention

Theorem 2.8. Ler §2 C R" be a domain star-shaped with respect to the open ball
B = B (x¢,r) such that B C £2,

we L (R"), suppw C B, / w((x)dx =1, (2.6)

n

l e Nand f € C' (R2). Then for every x € 22

ro=Y o [ e nme-nrema

la|<l

(D f) (»)

+ |n—l

lor|=1

wy (x,y)dy, 2.7
ve |x—y
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where for x,y € R", x # y,

a| (x —y)*
wy (x,y) = |—'|(—y?a‘w(x, y), (2.8)
o x —yl
and
w(x,y):= / a)(x+p Y~ )p"_ldp, (2.9)
=yl ly — x|

(for x = y € 2 we define wy (x,x) = w(x,x) =0).
Remark 2.9. By (2.4) and (2.7) we derive

'y - ¢ RS d )d
> o fa-rem ([ a-0" @ osie-ma)e

lor|=1

_ /V @D e vy dy. (2.10)

-
la|=! X |')C - y|ﬂ

By Proposition 2.7 we obtain

0 NHO

(nd) o], @ 1D I12
e (5. ) dy | < L oL

I

@2.11)

=t e X =Y

Remark 2.10. Let D = diameter of §2 be finite, i.e., £2 is bounded. By [6] we have

Iw (s )l c@exrny = @l Lo wry D" 'd, (2.12)

and V o € Z", satisfying |a| =1
e (. Y)lcoxrry < ]l oy emynD"'d. (2.13)

Notice [[w (x, V)lcwixrry = lNolliomnd" and |we (X, Y)c®ixrry =
ol ®nnd", if £ = B. Hence, if @ is bounded, then for bounded £2 the
functions w and w,, are bounded on R” x R”. Also by [6], if £2 is unbounded, then
w, w, are bounded on K x R”" for each compact K.

If o € C*®(R"), then w(x,y), wy (x,y) have continuous derivatives of all
orders V x,y € R” : x # y and at the points (x,x), where x ¢ B they are
discontinuous, see [6].
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Finally, we give the very general Sobolev representation, see [6].

Theorem 2.11. Let §2 C R" be a domain star-shaped with respect to the open ball
B = B (xo,r) such that B C 2,

w € Lo (R"), suppw C B, / w((x)dx =1, (2.14)
leNand f € (Wll)loC (£2). Then for almost every x € §2

f@=3 - /D“ () (x = 3)% @ () dy

|a\<l

Z/ Dif) :yl)wa (x,y)dy. (2.15)

iy Ve X =y

Corollary 2.12 ([6]). Let 2 C R_” be a domain star-shaped with respect to the
openball B = B (x¢,r) such that B C 2,

weC(2), suppw C B, /w(x)dx:l. (2.16)

Then N f € C'(R2) for every x € Q andV [ € (Wll)loc (82) for almost every
x e

_1)lel
ror =[S S ps - nro 0| £ 0)ay

lal<l

) DD s e

n—I
lae|=1 Vy |X—y|1
with D% f replacing D® f in the case of f € ( )10L (£2).
Nexto > fmeanso; > fB;,,i =1,...,nanda — B € Z.

Corollary 2.13 ([6]). Under the assumptions of Corollary 2.12, let B € 7" and

0 < |Bl <l.ThenV f € C'(R2) forevery x € Q andV [ € (Wll)10C (£2) for
almost every x € §2

(_1)|Ot|+|f5|
P nw=[| ¥ Do 0| £ )4y
lae|<l—|B] ’
DO(
+\ /v Ix(— f)—gﬁ)ﬂl a=p (%, ) dy 18)
al=la=p " ¥

with Déf replacing DP f and D¢ f replacing D* f if f € (Wll)loc (£2).
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Remark 2.14. Again d = diamB, D = diamS2. We suppose |||, gr < oo
Here D” f could mean either D f or D¢ f. Then

R, = vaw

P wo (x,y)dy

loe|=1

(D7) )] bwa e )1y

< Z/V x =y~

loe|=1

_ l—n
3 /V =yl

lor|=1

IA

(D" 1) 0] ay | lol iy ndD™. 219)

if D < o0.
Next we assume x € B, [ > n, then we retake 2 = B, i.e.,d = D, etc., and
thus

Ry

IA

> ([0 7) 0| ar) to oyt

loe|=1

-
D H 1) N
D3N 37 B [ e

la|=I

That is, we proved for [ > n, x € B, that

fjgww (x,y)dy| < Z Hﬁaf”mm o]l oo @y nd".

la|=1 |x =yl la|=1

(2.20)
Again we assume x € B,/ > n and HﬁafHL » < oo forall @ : || = [ (which

is true for D¥ f always by f € C! (£2)). Then

R<|Y HE"fHLOO(B) Vol (B) o]l ey nd' =: ().

loe|=1

We know that
Vol(By= "0 g _m &
AB = ey T reen 2

where I is the gamma function.

SE
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Therefore

(x) = l; HD fHLoo(B) 12 ”Loo(Rn) %dl_kn.

So we have proved if / > n, x € B, and HﬁafHL » < ooforall @ : |o| = I that
co(B

Df'@)
j{:t/’l = we (x,y)dy

la|=! xX=y

n
nim?2

-
y ———d't". 2.21
lazlﬂ i |1l 57 ) 2.21)

We use Lemma (4.3.1), p. 100 of [5].
It follows

Lemma 2.15. If f € L, (£2%), 1 < p < oo, 2% is a region of diameter dy > 0,
and m > %, then

[ b= @1z = el e (2.22)

V x € 2%, where c, is a constant depending only on p.
We make

Remark 2.16 (continuing from Remark 2.14). We assume now thatﬁaf €L, (B),
| =1,1<p<oo,l> %. Then by (2.22),

/ =yl
B

Consequently, we derive

xeB.  (223)

(D°/) 0)|dy = pd" ™

Ly(B)’

Df )
Z/ e Gl

= x-y

_"‘ —L4n
n d! , € B. 2.24
(S 170 ) s v

loe|=1
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Also we make

Remark 2.17. Again here d = diamB, assume o € C;° (£2), supp w C B,ie.,
@] < 00, [ga® (x)dx = 1. Here D" f is either D f or D2 f. Then for [ >
n + |B|, x € B, we obtain

[ (D°r) )

NS (x,y)dy

lo|=l.a>=p

< D'/| e, 22
| X [P, | 1@len (225)

le|=l,a>p

Also forl > n + |, HBQfHL @) < oo, || =1, 0> B,x € B, we get

| (P 1) e

o Zixg We—p (X, ) dy
n—Il+

lal=tazp” B X =y v

RIS

< D” H ol — g+ (206
| X 2], |1 Ioo 5@ T1) (2.26)
le|=l.0>p 2

Next, suppose D* f € L,B),ala:|e|=1,a>p,1<p<ool> %+ 1B,
x € B. Then

| (D) )

ey e (X )

lo|=l.a=p

| > Hﬁaf

la|=la>p

Lo | 1@l nepd P, (2.27)
P

We make

Remark 2.18. Here D" f denotes either D* f or DS f, d = diamB. Suppose
ol ®n < oo.Denote by

0= Y o[ (B ma-nremay. vree @)

I<la|<I-1

the quasi-averaged Taylor polynomial. When [/ = 1, then Q° f (x) := 0.
In this chapter sums of the form Z .=0.

1<|a|<0
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Then for x € B we obtain

o rwl < | X (5 L@ ) o] e n1ar) |1l
1<lal<i—1 > 7B

< lﬁg_l(é L1 1) 0] 1= 51y} 10l

(0. (2.29)

‘We notice that

4l
(r0) = ( ()| (y)]dy)) ol oo
1<\a|<ll

|y (d'“'

I<lal<i—1

—Ot
w ny .
f”L(B)) ol ®mn)

So we have proved for x € B that

|Q]_]f(x)| < Z (d| ol H_afHL (B)) ol @ - (2.30)

I<|a|<l—1

Also, when HD fHL " <oo,foralla: 1 < |e| <I—1,we get
dla\
> (S (LI w]e)) ) 1ol
1<la|<l—1
4! 5
| X (5127, ) e el
1<|a|<l~1
-z (Gl ) o 1%
- LOO(RH) .
\<lal=i-1 rE+n2
So we proved, when Hﬁaf” : < oo, foralle: 1 < || <! —1,x € B, that

B dotled loll,  gn-7?
-1 oo (R")
o @l = > ( ~ HD fHLoo(B)> EodrEnint 2.31)

I<la|<I-1
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We need

Lemma 2.19. Let 2% be a region of R" of finite diameter d« > 0 and f €
L,(82%),1<p.gq <oo:é+$=1andm € N, then

m+4
[ 17 @1 = ™ 1l vren o

Proof. We see that

1
q
=i @iaes ([ e-ara) 1l

(using polar coordinates)

de i
—1
< [0 A I P

mq—+n m+ﬂ)
= Comade © Wflyie) = Comads

1L, @ -

|
Remark 2.20 (continuing from Remark 2.18). Let p,qg > 1 : i + 3 = 1. Assume
(Eaf) € L,(B),foralll <|a| <! —1,x € B, then by Lemma 2.19 we obtain

017 ()] = 15.04251_1(5 L1 ) 0151 a5} |10 e
< ISMZSZ_] (icqimnd(laﬂ’) HB‘V”LP(B)) ol oo e -
That is
[>° q+5)
07 @l = ol | 3 o ’
xeB. (2.33)

Remark 2.21. For x € B, we consider here w € C§°(£2), supp o C B,

f]R" wox)dx =1; f e C'(R2)or f € (Wll)loC (£2). Here D denotes any of
D%, D%. We also consider
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o= [ ¥ " pe =y | £ 0 dy
B \i<ll<i—1 o! ’

1yl
= 2 (;? '/31)5 [((x = 0] f(dy. (234

1<|a|<I~1

Hence

_ 1
FEIACTERDS E/B

1<|a|<i-1

Dyl =y 0| If O)ldy. (235

We derive V x € B,

PO IRl I N RA RS
I<|a|<l-1
1 o
PR Ly (CESOLreYCO| I NV P
-1 [=lel=i=1 2.36
’Q f(x)‘f if f € Lo (B). (2.36)
when p,qg > 1: % + é = 1, we have
> a | prle=» el NIl
1<lal<i-1 !
if feL,(B).

Let B € Z% and 0 < |B] < .
We consider here

(—1)l+1Al
o ::/B Yo D= (] ] f () dy
1<|o|<I—|B]—-1 :
(— 1)+l .
= Da ﬂ B .
lslaslz—w_l ol /B vl =) e ()]
xf (y)dy. (2.37)

When ! = [B| + 1, then Q' f (x) := 0. Hence

‘Qé“f(x)‘s > %[B

1=<|a|<l—=|pl-1

DY [(x = y) 0 ]| - |f ()] dy. (2.38)
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We obtain V x € B,

—_

> A - e o] | 1 1w

1=<]o|<l—|B]—-1

Y o =nreon], , |1 e

1=<]o|<l—|B]—-1

‘Qi{‘f(X)‘f if f € Loo(B),

when p,g > 1: - 4+ - = 1, we have

1
q

-

1
ol

I<|a|<I—|B|-1

Dy =y 0 I |1 e
q

if feL,(B).
(2.39)

The final remark follows.

Remark 2.22. Here D” denotes D® or Dy, and 5’3 means D? or Dg. We rewrite
(2.4),(2.7), (2.15), and (2.17). For x € §2 we get

£ = /B FMoG)dy+ 07 f () LR F (). (240)
where
R'f (x):= Z[ f(y) =L (. y) dy (2.41)
la|=I

is equal to the remainders of ((2.4)and (2.44), respectively).
Also for x € £2 we write (2.18) as follows:

(0°£) ) = 0P [ (DP0) ). 0y + Q' f )+ Ry f (). 242)

where

D f (»)
Ryf (x):= > / P g Wa—p (X, ) . (2.43)

la|=l.0>p
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Additionally we give

Theorem 2.23. Let §2 C R" be a domain star-shaped with respect to the open ball
B = B (xo,r) such that B C £, ® € Loo (R"), supp  C B, [p,  (x)dx =1,

leNand f € ( )10C (£2). Then for almost every x € §2

fO=3 - / DY F) (1) (x — )% w () dy

|a\<l

1y L /(x—y) o ()

lo|= ¢
x(/(; (1—0)! (D3 f) (y+t(x—y))dt) dy. (2.44)

Proof. From the assumptions of the theorem, we get for almost every x € £2 that

fo-y ~ [ ) () (x = )" (v) dy

|a\<1
Dy f)(y)
= Z/ %wa(x,y)dy,
la|=1 Vy |x—y|
(D)

implying that fV ey We (x, y) dy is finite for almost every x € §2.
From [6], p. 105, (3.41) there, we know that V x € R”

sup pywe (x,y) = sup pyw (x,y) C K.,

where K is the cone in R” related to Vy, see again [6], pp. 93-100.
So acting similarly to [6], p. 107 and working backwards we derive

va( f)|,fy1) W) dy =1 Y

o=t Ve X~ =1 ¢

where

= o M > i n—1 )
= [ e @ R ([ o (=) o ar) e

Replacing p by J’]‘T_fl, we obtain

o o ! Z—1x dr
Ja=[Rn(DWf)(Z)(X—Z) (/0 a)(l_t)(l_t)nﬂ)dz.
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Next, setting z = y + ¢ (x — y) and noticing (x —2)* = (1—1)" (x — y)® and
dz = (1 —¢)" dy we find that

1
S = / (1—p)! ( / (DES) (v +1 (x = 1) (x = )@ (7) dy) di
0 R”
1
_ / (=) () ( / (=)~ (DEF) (41 (x— y))dr) dy
R7 0

1
= / (x =) o) ( / (1-0)'" (D2 f) (y+r(x—y))dr)dy.
B 0

We have proved that

D(X
/V (DEf) (y e (5. 9) dy

-l
la|=1 ¢ "> |x _yln

=1 1 . -0 (e dr |d
= ZJ/B(X—W w(y)(/o (=07 (DLf) (r +1(x =) x) i

|a|=I

establishing the claim. W

Proposition 2.24. Same assumptions as in Theorem 2.23. Then for almost every
X € B we get

. 1 o
|Remainder (2.44)| < 1d! loll, . & Z ol || (Dwf) (y+1t(x— y))HLl(BX[O’l]).
la|=1
(2.45)
In (2.45) we assume for all a : |o| = [ that

[(DES) O+ 1 =D oy < o

Proof. We have that

[ ! o 11 tl—l D¢ dr ) d
> o [ a-mreo ([ a-o o=

loe|=1

=1 Y o [ 1= e o)

lor|=1

1
x (/0 (=)'~ (Dsf) (v +z<x—y>>|dt) dy
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<1 ol Y /(/ =0/ (DLS) O+ =)t Y

jal=t ¥

<1d [0l @ Y. /([ D)o+l

\Il

=1d" ol @ D ; [(D5F) &+ 1 =D Loy -
la|=1 —°

proving the claim. W

2.3 Main Results

On the way to prove the general Chebyshev—Griiss-type inequalities, we establish
the general

Theorem 2.25. For f, g under the assumptions of any of Theorems 2.6, 2.8, 2.11,
2.23 and Corollary 2.12 we obtain that

A(f.g) :=U3w<x>f<x)g<x>dx—([Bw(x)f(xmx) (Lw(x)g(x)dx)

1 1_1
<3 [(f ooz iies wla
+ [ Iw(X)IIf(X)||Ql‘1g(X)|dX)
B
+(f o ()] [g ()] |RLf ()] dx
B
[ |w(x)||f<x>||R1g(x);dx)] (2.46)
Proof. For x € B we have
f(x)=fo(y)w(y)dy+Ql—lf(x)+R’f(x),

and

g () = /Bg(y)w(y)dy 40 g (x) + Rlg (x).
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Hence
o (x) f(x) g (x)
=w(x)g(x) /Bf (Mo () dy+o ) gx) 0™ f (x)+w(x)g(x) R f (x),

and
w (x) f (x) g (x)
=w(x) f (x) /Bg Mo () dy+o ) fx) 0 g +wx) f(x)R'g(x).

Therefore

Lawwf%ﬂgcwdx=(LQWﬂg@ﬁh)(LfTwwOOMJ

+mengFVumx
+Awmg®R7@N&

and

/cuuofcmgcmdx==(/\»uofcndx)(/'gQOw(wdy)
B B B

+ [ 060w
+/l;a)(x)f(x) R'g (x)dx.
Consequently, there hold

/luu)fcogcwdx—(/luu»gunn)(/ fu>wuom)
B B B

=/w@gmngmm+/wmgmwfmm,
B B

and

/cou)fcwgcmdx—-(/cuuofcwdx)(/“gQOwcmdx)
B B B

=/wmwaHmwM+/wamﬂﬂﬂM
B B
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Adding the last two equalities we obtain

/w(x)f(x)g(x)dx—(/w(x)f(x)dx) (/w(x)g(x)dx)
B B B

1

zi[(/gw(x)g(x) Ql_lf(x)dx+/Bw(X)f(x)Ql‘1g(x)dx)

4 ([w(x)g(x)R’f(x)dx+[w(x)f(x)R’g(x)dx)],
B B

hence proving the claim. H
We give

Theorem 2.26. Let 2 C R" be a domain star-shaped with respect to the open ball
B = B (xo.,r) such that B C 2, w € L (R"), supp  C B, [p, » (x)dx =1,
leNand f.g € C' (). Then

/w(x)f(x)g(x)dx—(/w(x)f(x)dx) (/w(x)g(x)dx)‘
B B B

2, e [0 f N,
s Bl | 22—
I<la|<i—1 '
d!|[D°glloo.p
+||f||oo,3( X
1<|a|<l-1

(nd)’ - o max
+[ s (18lloos 1D £ 1575 + 1 flloos 1P“2l5c1.6) | |-

(2.47)

where d is the diameter of B.
When | = 1 the sums in (2.47) collapse.

Proof. One also in general obtains (x € B)

e rwls X o [ [P 0] e 0l
1<lal<i—1 7B
! el | 5
< lféz_ﬁ( [lomiay)a|5s],
! -
- T e[,

I<la|<I-1
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So for Hﬁafn ) < oo, foralla : 1 < || <! —1, we proved

Loo(B

dll

o]

o!

Loo(B)

0 W] = llolLe | D : (2.48)

I<|al<i—1

for x € B.
By (2.46), Proposition 2.7 and (2.48) we obtain

)3 d"“! | D* flloo.5

2
1,5 | 1811, -

N =

A(fg) =

1<|a|<i~1

)3 d" D¢l 5

1S o -

1<|]</—1

l
(nd) o, @n 10 fllsor.5
I

+ ol s |:||g||oo,B

(nd) o, @ I1D“gln 5
+ 1/ lloos ! =

l!

loll7, @ d1N DY f oo
=— 1 llglos| >, ——==

2 o!
I<|a|<l-1
D
oo | Y
o
I<|a|<i—1

nd)l o max « . |jmax
+[—( 7 (I8lloos 10 IS 5+ 11f ooy 10 giloo.z.s)} ’

proving the claim. W
We present

Theorem 2.27. Let §2 C R" be a domain star-shaped with respect to the open ball
B = B (xo,r) such that B C £, w € Loo (R"), supp ® C B, [, ® (x)dx = 1,

leNand f, g € (Wll)loC (£2) . Suppose further that [ > n. Then
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‘Aw(X)f(x)g(X)dx—([Bw(X)f(X)dX) (/Bw(x)gumx)]

loll7 o s d
<=2 el | 22 |5 1267 |

1=<|a|<l-1

dle!
1 e | D (g ||D$g1|m))

1<la|<l—1

+0d) | elnm | 2o 128711,

lee=1

sl VA V) Z ” DfﬁgHLl(B) . (2.49)

|a|=1

Proof. Here we get by (2.43), (2.30), and (2.20) that

lol17 oo e del, .
Afg) = =552 gl | 2 (?}!Dwfl\m)

1<la|<l-1

de
1w | Do (a—, HDngLl(m)

1=<]e|<I-1

+1 gl | 22 128, 11

lee|=1

+ 1/ 128 Z ”DfégHLl(B) nd' ¢ |,
la|=I
proving the claim. M
Based on (2.46), (2.31), and (2.21) we have

Theorem 2.28. Let 2 C R" be a domain star-shaped with respect to the open

ball B = B (xo,r) such that B C 2, v € Ls(R"), supp o C B,
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fR”a)(x) dx = 1,1 € N and f,g € (Wll)loC (£2). Furthermore assume
HDf{,f“LOO(B), fo,g“Loo(B) <ooforalla:1<|a| <I,1>n.Then

‘/l;w(x)f(x)g(x)dx—(fBa)(x)f(x)dx) (/l;w(x)g(x)dx)

n? ”CUHZLOO(]R") drtlel
Somren || e | 2 |\ 1P

1<|a|<l~1

dn+\ot\
ATV DR vl 12675 PP

I<lal<i-1

+ [ gl 5 Z ||D$fHLOO(B)

|a|=I

1w | 2o 1288l | [ ¢ @50)

|a|=I

Based on (2.46), (2.33), and (2.24) we get

Theorem 2.29. Let 2 C R" be a domain star-shaped with respect to the open ball
B = B (xo,r) such that B C 2, ® € Loo (R"), supp ® C B, [, » (x)dx = 1,

leNandf g e (Wll)loc (£2) . Furthermore suppose p,q > 1: %—i—é =1,1> %,
forallo : 1 <|a| <[, Dy f, Dig € L, (B). Then

’/w(X)f(X)g(X)dx—(/w(x)f(X)dX) (/w(x)g(x)dx)
B B B

lol? @ o
== lglz, (B Z”DwaLF(B)

lee=1

+ I1f L, 3y (Z ”D$g||Lp(B)):| ”del_%ﬂ

loe|=1

108 f 1, gy @™
+cqin | gL (B > - fo('B)
1<|a|=<i—1 ’
[Dggl,, i d"*
W Lm0 e '
I<la|<i—1 '

(2.51)
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Remark 2.30. When f. g € C! (£2) the Theorems 2.27, 2.28, 2.29 are again valid.
In this case we replace D;; by D,, in all inequalities (2.49), (2.50), and (2.51).

We give
Theorem 2.31. Let 2 C R" be a domain star-shaped with respect to the open ball
B = B (xo.r) suchthat B C 2, w € C§® (), suppw C B, [p, © (x)dx = 1. Let

f. g either in C' (2) or in (Wll)loC (£2). Here Baf denotes either D* f or DY f
and A (f, g) is as in (2.46).
We have the following cases:

(i) Herel > n. Then

[l
A(fe) === [ 1218l 1 /L

N D SR P EE |

.B?
1<|a|<I—1

.
Flolloend" gl | X [P/

Li(B
o 1(B)

Wb | 2|2, ] e
la|=1

(ii) Herel > n; f,g € Loo(B) and D* f, D“g € Lo (B) for all o : la] = 1.
Then

ol
A(fg) = Too (U N s 1€l 3y + 1 3y 1811 s))

1

X —ssup [ DY[(x — y)*w H
1<Z !xegﬂ Sl =nrtwol,
<la|<l—1

nd'" s o) o —

T D"/|
e eyl L > |2,

la|=1

W | 210, ]t 253
lel=1 ~
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(iii) Let p,g > 1 : — +

L, (B).Then

é é:l,l>%,foralla:|a|=l,5af,5ag,f,ge

o
ag) = 222 | (leliim 1 1y + 1 0 lghe,m) -

| D10 = ) w (y”HW)

( > e

1<la|<l—1

[D" /]
+ ”(U”oo Cq_[_n |:||g||L](B) ( Z ( - Ly (B)d|05|+q
I=<la|=I—1
” g”L (B) Joo| 42
+1 £z, Z ] ——d"""" . (2.54)
I<lel<i—1 ’

Proof. By use of (2.36) and Theorems 2.27-2.29. W
We also present

Theorem 2.32. Let 2 C R" be a domain star-shaped with respect to the open ball
B = B (xo,r) such that B C £, ® € Loo (R"), supp @ C B, [p, ® (x)dx = 1,

| € N and fg € (Wl)loC (82) . Furthermore supposefor ala : ol =1 >

n that ” (Def) (v +1(x— y))”Ll (Bx[0.1]) * H Dig) (v +1 (x — y))HLl(Bx[O m <
00. Then

ol e d!
A(fg) = =552 | Vgl | 2o (a_ (o P

1<la|<l—1

4l
1w | 2o (a, | ngL](m)

1<||<i—1

1
Hd' gl | 22 o 15 0+ =) 1 oo
la|=1 "

1
+ 1 f e, 8 Z ol “(ng) (v +1(x _y))”Ll(Bx[O,l])

la|=1
(2.55)

Proof. By Theorem 2.27 and Proposition 2.24. H
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Next, we give a series of Ostrowski-type inequalities.

Theorem 2.33. Let all as in Theorem 2.6. Call again

0fm= ¥ o[ 0onme-nten.

I<|a|<I—1

Then for every x € B, we obtain
- [ Fmema-0rwm
B

ndl w n D« 0ol
- (nd)" || ”LI(RI') 1D% f o = A, (2.56)

Also it holds, by additionally assuming |||, _ gn < 00, that

’f(X)—/Bf(y)w(y)dy'

drtlel loll, @72
< DC{ o0
[ 3 (B o) | e

I1<|a|<l—1

nd l @ N max
LD ol 1012y _ 057
Proof. Use of Theorem 2.6, (2.40), (2.5), and (2.31). H
We continue with

Theorem 2.34. All as in Theorems 2.8 or 2.11. Assume | > n, ||o| g < 0©.
Then for every x € B (almost every x € B, respectively) we get

ENW = 1= [ roremy -0t w
= Z Hﬁaf“LI(B) ||a)||Loo(Rn)ndl =: Aj. (2.58)
la|=1
Also it holds

A () = ‘f(X)—/Bf(y)w(y)dy‘

ol
> (S1P,0)

1<|a|<I-1

A

+ Znﬁaf)‘Ll(B) nd' | ol g =: B> (2.59)

loe|=1
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Proof. Use of Theorems 2.8, 2.11; (2.40), (2.20), (2.28), and (2.30). W

We give
Theorem 2.35. All as in Theorems 2.8, 2.11. Suppose | > n, |o|_@&n < 0,
and Hﬁaf) ) < ooforall a : |a| = l. Then for every x € B (almost every
X € B, respectively), it holds

—u I’HT% I+n __.
GISE DY HD fHLoo(B) loll, —w(%H)d = A;. (2.60)

loe|=1

Additionally, assume that HﬁafHL » <ooforalla ;1 <|a| <! — 1.1t holds

dn+|0t| Y
sz | 3 (S0P
I<la|<l—1 ’ >
—a I P
+ Z HD fHLoo(B) nd o (L 4 1) ||U)||L00(Rn)
la|=1 2
=: Bj. (2.61)

Proof. Use of Theorems 2.8, 2.11; (2.40), (2.21), and (2.31). W
We present

Theorem 2.36. All as in Theorems 2.8, 2.11. Assume |||, gn < 00; p,g > 1:
%+$ =117> %,Baf € L, (B) for |a| = I. Then for every x € B (almost every
X € B, respectively), it holds

AT =4, (2.62)

ENw=|Y D

L.(8) ”a)”Loo(]R”)nCP
| =1 ’

Additionally, assume that Eaf € L,(B),for1 <|a| <! —1.Then

P70
L,(B n
Coln Z Tpd\qu

1<la|<l—1

A(f) (x)

A

—_— l_ﬂ+
+ ZHD f” ne,d = | ol @
Ly(B)

lor|=1

=: By. (2.63)
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Proof. By Theorems 2.8, 2.11; (2.40), (2.24), and (2.33). N

Proposition 2.37. All as in Theorem 2.35. It holds (for every x € B and almost
every x € B, respectively)

d“ D |
Loo(B)
Il [ 22 -

I<lal<i—1

A(f) (x)

IA

ndl-‘r

w3 ”w”Loo(]R” D/
et \ 2P

=: Bs. (2.64)
Proof. By Theorem 2.35 and (2.48). W

We also have

Theorem 2.38. Here all as in Corollary 2.12. Assume | > n. Then for every x € B
(almost every x € B, respectively), it holds

A(f) () = ‘f(x)—/lgf(y)w(y)dy‘

A

> o psie-vremi] | 1flum

1<|e|<I—1

| X[, | 1l (2.65)
la|=1

Proof. Based on Corollary 2.12, Theorem 2.34 and (2.36). W

Theorem 2.39. Here all as in Corollary 2.12. Suppose [>n and HD f HL » <00
foralla : la| = I; f € Loo (B). Then for every x € B (almost ever;ox € B,

respectively), we find

anm=| X lpsic-nreon], , |1l

I<la|<l—1

nd'* " ||60||L (R"
= . 2.66
+ o ( |Zl ” H Loo(B) ( )

Proof. Based on Corollary 2.12, Theorem 2.35 and (2.36). W
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Theorem 2.40. Here all as in Corollary 2.12. Assume p,q > 1 : % + é =1,

! > %,ﬁf € L, (B) for|o| =1and f € L, (B). Then for every x € B (almost
every X € B, respectively), we derive

apw=| X pre-vreon|, | 1/lLe
1<la|<i=1 " !
neyd ™ ol @) ZHB"fHLP(B) _ (2.67)

|oe|=1

Proof. Based on Corollary 2.12, Theorem 2.36 and (2.36). W
We also give

Theorem 2.41. Here all as in Corollary 2.13 with Qfg_lf (x) asin (2.37). Let | >
n + |B|. Then for every x € B (almost every x € B, respectively) it holds

By (1) (0= (D7) (=0 [ (D70) () £ (0= 057
< al:;pﬂ Hﬁaf”m) ol nd! 1 = 45, (2.68)

Also, we derive

Ap () (x) 1= '(5” £) @ = /B (DPo) (1) f () dy'

1
= X Slete-nreo]| |15
1<la|<i—|B]-1 -
+H 2 Hﬁf\\m o]l g nd" 7. (2.69)
la|=la=>p ]

Proof. By Corollary 2.13, (2.25), (2.39), and (2.42). A
We continue with

Theorem 2.42. Here all as in Corollary 2.13. Assume | > n + |B]|;
ﬁf” ) < oo, ala : |al = l,a > B. Then for every x € B (almost
Loo(B

every x € B, respectively) we find

- nn% —1Bl4n _.
BO@=| B P, 1ok gy = e

(2.70)
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Additionally, assume [ € Loo (B). It holds

MGICEI DS %HDH[(x_”“‘”(y”HLI(B) o
1=lal<i—IBl-1 "
D* Jeloonm? 1 g
’ |W=l§zﬁHD fHLOO(B) 2nr(§+1)d . Q@I

Proof. By Corollary 2.13, (2.26), (2.39), and (2.42). H
We finish Ostrowski-type inequalities with

Theorem 2.43. Here all as in Corollary 2.13. Assume p,q > 1 : % + é =1,

50[]’ eL,B)ala:|a|=1,a>p,1> % + |B|- Then for every x € B (almost
every X € B, respectively), we derive

= X ||, , | 1elene,d T =4 @72)
P

la|=la>p

Additionally assume [ € L, (B). It holds

1
pHws=l X e -nre |, , |1 e
1<lal<i—1Bl-1 " !
+H HB‘”f lwllo nepd #=5+n, 2.73)
o=l azp L (®

Proof. By Corollary 2.13, (2.27), (2.39),and (2.42). H
‘We make

Remark 2.44. In preparation to present comparison of integral means inequalities
we consider the open ball By = Bj(yo,r1) € B. We consider also a weight
function ¥ > 0 which is Lebesgue integrable on R” with supp ¥ C B; C £,
and [p, ¥ (x)dx = 1. Clearly here [, ¥ (x)dx = 1. For example for x€ By,

¥ (x) = m, 0 elsewhere, etc.

We will apply the following principle.

In general a constraint of the form |F (x) — G| < ¢, where F is a function and
G, ¢ real numbers that all make sense, implies that | fR" Fx)y (x)dx — G| <e.

Next we give a series of comparison of integral means inequalities based on
Ostrowski-type inequalities presented in this chapter. We use Remark 2.44.
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Theorem 2.45. All as in Theorem 2.33. Then
M(f) = UBIf(X)W(X)dx—/Bf(X)w(X)dx

—/ 0 f (1) ¥ (1) dx| < A,
By

and

m(f) = ‘/B f(xW(x)dx—/Bf(x)w(x)dx

Theorem 2.46. All as in Theorem 2.34. Then
M (f) < A,

and

m(f) < B».
Theorem 2.47. All as in Theorem 2.35. Then
M (f) < As,

and
m(f) < Bs.
Theorem 2.48. All as in Theorem 2.36. Then
M (f) < Ag,
m (f) < Ba.
Theorem 2.49. All as in Proposition 2.37. Then
m(f) < Bs.

Theorem 2.50. All as in Theorem 2.41. Then

< B,.

63

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)
2.81)

(2.82)

MP (= [ w0 (07 ) woar = 0 [ (0%0) 0 1 oy ax

< As.

—/B ¥ () 01 f (x)dx

(2.83)
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Theorem 2.51. All as in Theorem 2.42. Then
MP(f) < A (2.84)

We finish with
Theorem 2.52. All as in Theorem 2.43. Then

MP(f) < A;. (2.85)

2.4 Applications
Example 2.53 (see also [5], p. 93). Let B := {x € R" : |x — x| < p}, and

_(1_(m)2) ‘
p(x):= e ’ . if |x — xo| < p, (2.86)
0, if |x —xo| > p.

Call ¢ := [, ¢ (x)dx > 0, then @ (x) := %(p (x) € C5° (R") with supp® = B
and fR” @ (x)dx = 1 and max |®@| < constant - p~".

We call @ a cut-off function.

One for this chapter’s results by choosing @ (x) = @ (x) orw (x) = #(B), etc.,
can give lots of applications.

Here, selectively we give some special cases inequalities. We start with
Chebyshev—Griiss-type inequalities.

Corollary 2.54 (to Theorem 2.26). All assumptions as in Theorem 2.26. Case of
[ = 1. Then

‘/w(X)f(X)g(x)dx—(/w(X)f(X)dx) (/w(x)g(x)dx)]
B B B

2
- nd ”w”Ll(R")
- 2

If f = g, then

[Iglloos 1D F IS 5 + 11 f lloo.s I D5 5] (2.87)

2
'/w(x)fz(X)dx—(fw(X)f(X)dX)
B B

< nd ||o]|7, @ |/ Nloo.s 1D e 5 - (2.88)
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Corollary 2.55 (to Theorem 2.27). All assumptions as in Theorem 2.27. Case of
f=gl=nandw(x):= #(B),forallx € B, w(x):=00nR"— B. Then

2 _2”F(%+1)( )2
/Bf (x)dx —d”n% /Bf(x)dx

mr ﬂ_;’_l d\a|—"
SRARCARIND PN > (7 2 HLI(B))

1<|a|<n—1

n
JT 2

+n 1 e | 108 w1 ] @289

lo|=n

We continue the Ostrowski-type inequality.

Corollary 2.56 (to Theorem 2.33). All as in Theorem 2.33. Case of | = 1. Then
for every x € B it holds

< nd ol @n 1D FI2 5 = Z1 (2.90)

00,1.B

‘f(x)—/Bf(y)w(y)dy

We finish chapter with a comparison of means inequality.
Corollary 2.57 (to Corollary 2.56). All as in Corollary 2.56 and Remark 2.44.
Then
<Z. (2.91)

f(X)vf(X)dx—/ £ 0w ()dy
B B
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